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Equation of 3 line in symmetric form

Consider the line that passes through A(x, yi, z) parallel to

w=ai+bj+ck.
(The vector 11 is known as a direction vector for the line L)

Let P(x, y, 2) be any point on the line L
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Fq:mh’nn of 3 line in symmetric form

Find, in symmetric form the equation of the line passing through

A(2,-1,3) and B(3, 2, 5)
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Equation of 3 line in 3 dimension

2 dimensional lines: We need a coordinate and the gradient.

3 dimensional lines: We need 3 coordinate and a vector in the direction
of the line.

qumﬁnh of 3 line in symmetric form

Example:
Ze Y 2
() The lmiL passes through the point A1, -2, 8) and is parallel to the

vector 3i + 5] + 11k. Find the equation of the line L in symmetric form.
(b) Show that the point B(-2, -7, -3) also lies on the line L.
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The Pd'uaﬁnh of 3 line in parametric form
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Expressing x, y, and z in terms of the parameter t is known as
expressing the equation in parametric form. (Any letter can be used
instead of 1).
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The Fquaﬁnh of 3 linein parametric form

Examples:

LY
1A l‘ine passes through (3, 2, -5) and is parallel to the vector
'y c

2i + 4 - k. Find the equation of this line in parametric form.
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Example: Find the eqution of the line passing through A(2, 2, 1) and

parallel to 3i - | - k in Vector, Parametric and Symmetric form.
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The angle between two lines

The angle between 2 intersecting lines Ly and L, is the angle between
the direction vectors of the lines and is therefore found as follows:

1. Find a vector 3 in the direction of L
2. Find 3 vector b in the direction of L,

3. The angle between the lines Ly and L, is the angle between the
direction vectors a and b.

Hence cos@= ab

lallb]

The equation of each line should be expressed in symmetric form first,
as the direction vector of a line can be easily read from this form.
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Vector form of the qum’rfnh of 3 line

To find the vector equation of a line through a point Ax, y, 2).

We use the point A and the direction vector u where w is the direction
vector parallel to the line.
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The intersection of tua |

The point of intersection of 2 lines in 3D space can be found when the
equations of both lines are expressed in parametric form

Example:
Lix=8-2ty=-4+2tz=5+t

X _p2_z09
L=t as

Show that these lines intersect and find their point of intersection.
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The angle between two lin

Examples:

L="= EX

x+3_y-4_
-1 1

L=x=2-2,y=-3t+lz=1-1

Given that Ly and L intersect, calculate the size of the acute angle
between the lines.
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MAKK

14. Two lines L, and L, are given by the equations:

L: x=4+43), y=2+4), =z=-7.
. ox=3_y-8_ =:=+1
e

(a) Show that the lines Z, and Z, intersect and find the point of intersection.

(b) Calculate the obtuse angle between the lines L, and Z,. 3
-2 =
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The qumﬁnh of 3 plane

Examples:
‘1. l;ind ihe equation of the pla‘ng p‘erpend[cular to the vector

i - 3{ + 2k and containing P(-1, 2, 1)
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The equaﬁnh ofa p[AhP

3. The equation of the line L is given by
X _ y+2 _ z-9

-2 -1 2

The plane n{passes through (1, -4, 2). Find the equation of the plane .
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The equation of 3 plane

Aplane is a flat 2D surface.

A vector perpendicular to 3 plane is known as a normal vector and is
denoted by n.

A normal vector is in fact perpendicular to all vectors in the plane

Consider a plane in 3D space relative to a set of coordinate axes.
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The qumﬁnn ofa pth

x4 2
2. Given P(2, 1, -4) and Q(1, 2, 3), find the equation of the plane
perpendicular to PQ vivsich contains P.

(- (3)
Eqodion of fho. plare. S -X*J‘t?'t'k
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= 2
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70 Yo
Aline, L,, passes through the point P(2, 4, 1) and is parallel to h‘
‘. b e ;é = u{ a -'
u =i+2j-k ]

and a second line, L,, passes through Q(=5, 2, 5) and is parallel to

u,=—4i+4j+k.

(a) Write down the vector equations for L, and L,. 2
(b) Show that the lines L, and L, intersect and find the point of intersection. 4
(¢) Determine the equation of the plane containing L, and L,. 4
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Vectar Product

The scalar product is where two vectors multiply to give a scalar.

The vector product is where 2 vectors can be multiplied to give a
Wr answer. We write this as 3 x b.
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Vector Product

Examples:

LI
3) 4 21 4

= i(200-30) - (14)-36) +k(10)-2)
= 5'14.2‘! -3k

Vector Praduct:

3.2=3i+2[-kbh=i-j-2kand c=4i-3j+4k
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\leckor Product - Componet form

g=(§') é*(i’)
axbhs= ;‘ 4; :‘/
b, by by

+ i(0abs- ogbs) ~) (auby-ash,) k(b2 - a:b)

Vector Product

20fa=i+2j+3kandb=2i-{+k findaxh cmdl Bxa
gxh - : J g
2 1
8 xb « i(200- 360) = (1603 + k(I-h- 22))
=30 +35j-sk

Bxgzl‘;_.i l?
2 3

= -51-‘3!'+5k

Vector Product

An important property of the vector product is that the vectora x b is
always perpendicular to each of the vectors 3and b
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Scalar TViPIF‘ Product

The scalar triple product gives a scalar answer.

Example: Three vectors 04,08 and OC are given by u, v and w where

u=5i+13j,x=2i+{+3kand w =i+ 4] - k. Calculate u.(x x w)
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qumﬂnh of 3 Plane

v v
2. A plane is parallel to the vectors 3i + 2 - k and 4i - 2k. The plane
contains the point (1,1, 0). Find the equation of the plane.
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Fn'uah‘nh of 3 Plane in Vector Form
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Equation of 3 Plane

We can find the normal to a plane using the vector product. Given a
plane containing the vectors 3 and b, the normal of the plane isa x b

Examples:

1. Find the equation of the plane containing A(2, 1, 3) B(7, 2, 3)
and C(5, 3, 5)
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Fquaﬁnh of 3 Plane in Vector Form

Examples:
2. Find the vector equation of the plane through the point
(5, 3, -2) with normal vector 2i - 3} + k.

The Vector Equation of a plane means to leave your equation in the

form of vectors.
np=na V?
A ﬂ 30

Examples: ‘F"‘" a
1. Find the vector equation of the plane through (-1, 2, 1) with normal
vector i - 3j + 2k. Np-a-a
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Parametric Fquzﬁnn of 3 Plane

We use parallel vectors to work out the parametric equation of a
lane.
P a is the position vector of A.

band care two non parallel

ectors that are parallel to the
/;lane‘
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Parametric Fd'uaﬁnh of 3 Plane

March 27, 2017

Parametric Fd‘uzﬂnh of 3 Plane

Examples:

1) Find tlg parametric equation of the plane wh;h goes through the
point <5'£2' -3) and parallel to the vectors -5i <7 + 3k

(3

and -2i +‘2[ + 4k,

pra+ Ao+ pc
5
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Paragmetric Fquzfinn of 3 Plane

3) Find the cartesian form of the equation of a plane with
parametric equation

r=a+Ab+uc  where a=i+2j-k

b=i+j+2k
c=  2j-k

The angle between twa planes

The angle of intersection of

between the normals of the

V planes.

Cos® =

af
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n.n,
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two planes is equal to the angle

2) Find the parametric equation of the plane with cartesian

equation x + 5y - 3z = 11

Fr}m‘h’nn of 3 Plane

If two planes are perpendicular, then their normals will be
perpendicular. Therefore to show that they are perpendicular,

show that ny.n,=0

The Angle between twa plznﬁq

ox+by sce=k

Examples:

T, is a plane with equation 2x + 3y + z =5 and 7, is a plane with
equation x +y - z = 0. Calculate the angle between 1 and 1,

0 = di +3jrk n
M= l'+J'-k Cos®- (ﬁﬁ-‘]
nl-ﬂ;‘ Qm*“')*'(")' 4 Cwe : rJﬁ'Tg
lﬂ,(: (%35 |F e-COS"(%ﬁ
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Intersection n(lnlama

In relation to each other, planes in 3D space can be

1. Coincident (one on top of the other)
H
X

2. Panallel

Note: parallel or coincident planes have normals that are proportional

Intersection of three p[anm

Three planes can

* Intersect at a line.
* Intersect at 3 point.
* Not intersect at all.

Intersection of three plane:

2) Intersection at a line

Find the symmetric equation of the line of intersection of
the planes with the following equations:

B V2 2~
x+2y-2z=-7
Xx-2y+z=6 I -2 ‘{‘)

3x+2y-32=-8 32304
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Intersection of 2 plan

If two planes intersect at 3 line, we determine the equation of the line
of intersection.

Example:

L T
The equations of 2 planes are x - 4y + 2z =1and x -y - z = -5. Find
the equation of the line of intersection of the two planes.
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Intersection of three P|2nP

Examples
1) Intersection at 3 Point

Find the point of intersection of the 3 planes with the
following equations.

x-2y +z=8 I -2 1\ 8
3x+y-z=1 3 (I |
2x-2y+3z=18 9 -1 318

| -2 | |8 -2 8

fi3q (o 3 -4 ° 3 4|-23

(1 2 3|18 )65-2, (0 2 I
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|

0 015|é
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Intersection of three pl;mP

3) No points of intersection
Gaussian elimination will yield no solution.

Show that these planes do not intersect.

| [ 2

zZ -2 | (5

2x -2y +z =5 3
3x- y +2z =-1 2 A
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The Intersection of 3 line and 3 p|am=

If there is only one solution then a point of intersection exists.

If there are many solutions then the line lies on the plane.

If there is no solution then the line is parallel to the plane.

(To show that a line is parallel to the plane you need to show

that the direction vector of the line is perpendicular to normal vector of
the plane. ie d.n =0)

The Intersection of 3 line and 3 PlQhF

Example:

Find the point of intersection of the line

x=3_y-2_z+l
L= 4 -1 2
with the plane with equation 2x +y - z= 4
et IR iy
xalif+3
— :l*‘z ‘.ﬂ--'

24ted) +(4+2) - (4-Dek

8kef-t42-2k41:4
St=-S
et
x: 43 J:-(-hﬂ- 22\
e I S T 1
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The Rhglﬁ between 3 line a3nd 3 p]ane

Example:

Calculate the size of the acute angle between the line
3 _ym2_ztl

4 -1 2

and the plane with equation 2x +y -z = 4

Q= (-z) b '(_7") Cos® = o

=

l

a .4 s (-0 +2-) =S
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m ':ﬂl‘*\-\'ﬂ:\\‘ Xy

c“e’é?s 8- Gor' (@;\6&5
90~ 63-5°< 5°
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The Intersection of 3 line and 3 Ir)IAhF
1. Find the equation of the plane in parametric form.

2. Substitute parametric form with x, y and z into the equation of the
plane.

3. Solve the equation for the parameter and hence find the coordinate
of the point of intersection.

The 2ng|ﬁ- between 3 line 3nd 3 p]th

< Find the normal vector to the plane
¢ Find the direction vector from the line

 Use the scalar product to find the angle
between m”and ‘4.

© Remember to subtract the angle from
90" to find the angle between the line
and the plane. (B = 90° - A)

Specimen

ARz

The lines L, and L, are given by the folloving equations.

L X*6_y-1_z-2

3 -1 2
Ly Xt5_y+d_z
4 1 4

(aj

Show that the lines L, and L, intersect and state the coordinates of the point

of intersection. 5

(b) Find the equation of the plane containing L, and L,. 3
Athird line, Ls, is given by the equation X~1_¥*+7 _2-3
2 4 -1

(c) Calculate the acute angle between L, and the plane. Give your answer in
degrees correct to 2 decimal places. 4
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Exemplar 2016

Aline, L,, passes through the point P(2, 4, 1) and is parallel to

MARKS
W =i42j-k Two lines Z, and L, are given by the equations:
and a second line, L, , passes through Q(-5, 2, 5) and is parallel to Li x=443), y=2+4), z=-7i
w, =—4i+4j+k.
(2) Determine the vector equations for L, and L,. 2 L:
(b) Show that the lines L, and L, intersect and find the point of intersection. 4 (@) Show that the lines L, and L, intersect and find the point of intersection. 5
() Determine the equation of the plane containing L, and L. 3 (b) Calculate the obtuse angle between the tines L, and L,. 4
—> >
Three vectors OA, OB and OC are given by u, » and w where
A line, L,, passes through the point P(2, 4, 1) and is parallel to
u=5+13j, v=2+j+3k, w=i+4j—k.
u =i+2-k
Caleulate wu. (v X w). 3
and a second line, L,, passes through Q(-5, 2, 5) and is parallel to
Interpret your result geometrically. 1

u,=-4i+4j+k

(@) Write down the vector equations for L, and L,. 2
(b) Show that the lines L, and L, intersect and find the point of intersection. 4
(¢) Determine the equation of the plane containing L, and L,. 4

2012

Obtain an equation for the plane passing through the points P (-2, 1,-1), O (1, 2, 3)

2013

15. (a) Find an equation of the plane T, through the points A(0, -1, 3), B(1, 0, 3) and and R(3,0,1).
(0,0, 5). 4
(6) T, is the plane through A with normal in the direction —j + k.
Find an equation of the plane T,. 2
() Determine the acute angle between planes 7, and T, 3
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