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Complex Numbers

Complex Numbers were first introduced in the 16th century by an
Italian mathematician called Cardano. He referred to them as ficticious
numbers.

Given an equation that does not give real roots such as
x?+3x+25=0
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Complex Numbers

Complex Numbers became more acceptable to use in the 18th
century.

They are known as complex because they are made up of real and
imaginary parts. The complex number z is represented below in its
Cartesian form.

z=3+ib

Imaginary part known
Real part known gy

as Im(z)
as Re(z)

Complex Numbers

Two complex numbers are equal if and only if the real and imaginary
parts of the complex numbers are equal.

a+bi=c+di <> a=candb=4d '

Example: Given that x + 2yi =3 + (x + )i where x, y € R, find xand y
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Complex Numbers

By writing V-1as i, we can now solve equations that were previously
seen as impossible.

This also means that

Can you think about expressions for i# and i4?
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What can you then say about i27 and i where n is an integer?
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Complex Numbers +/-/x

We can add, subtract, multiply and divide complex numbers. They
follow the same type of rules as algebra

Examples: Given z, = 4 + 3i and z, = 1 - 2i, find the values of
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olvi uadratic equation to give complex roots

Example: Solve z2 - 4z + 13 = 0

x = -bEy b -lkac
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Division of Complex Numbers

Remember rationalising the denominator for surds?

{+V2 3432
AR = | 22
{iﬁ-ﬁ—ﬁ; ENi-v2 x w2 T T
| =2 21 = -3 -3(2
Note that the complex roots of a quadratic function are a complex
number and its conjugdate. E.g 5 * 3i

The product of a complex number and its conjugate gives a real
number. This is helpful for division of complex numbers.

Complex Numbers & Square Roots

Example: Find two solutions for which z = y5-12i
Let 2 za+ib
o+l ={5-1
(a+ib) = 5-1
ot + Qoo 4747 =512
o -kt edab < 5-130
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Argand Diagrams & Polar Form

The modulus of z is the distance from the origin to z and is known as lzI
orr.

We can calculate it by using Pythagoras
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Division of Complex Numbers

z represents a complex number &  represents its conjugate.

Examples: Express the following in the form x + iy where x, y&R

. : " N . —a"z
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Argand Diagrams & Polar Form

Argand diagrams are a way of geometrically representing complex
numbers. We plot them on a Complex Plane where x represents the real
axis and the y - axis represents imaginary numbers (except (O, 0)).

Im

z=3+ib

o

Re

The line representing z is similar to a vector because it has
magnitude and direction.

Argand Diagrams & Polar Form
e Bis the angle in radians between Oz and the positive direction of the x
- axis and is known as the argument of z or Arg z.

?’J“B:e Pn‘yz}gpal Value of the argument is the value which lies between -
i and—;t ahd is written arg z. Anti-Clockwise => Positive Angle,
Clockwise => Negative Angle

a Im
Cos®= v
@z res® !Z=aﬂb
Sin@ —-»-t ) b
b= rsin® % 2
3 Re
2:0-{&: |

2 =0cos® T+ Irsin®
We can write 3 + ib in what's known as E‘i],m using trigonometry.

We can express 3 and b using rand 8

>
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Argand Diagrams & Polar Form

Always start by plotting the complex number on an Argand Diagram.
Examples: Find the modulus and the argument of the following and
hence express in Polar Form It
1.z=2+2i

¢ (cos&+isnd)
r-—Qa"-rbl
{7 - R

Q=0 a2 L
Sind= 2@ =2

Q= S'\n"(’\\ﬁ\ = '}
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Argand Diagrams & Polar Form

Examples: Find the modulus and the argument of the following and
hence express in Polar Form

3.2=6-2V3i

N P —t
S T N

Gr4Z = Sinx: LS Ji

se=si?(R)s ¢

22 U3 (e (Y19 ()

Polar form to Cartesian Form

Examples:

1. Express ﬁ(cos%ﬂsin%) in Cartesian form using exact values.

3y |25°
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Ardand Diagrams & Polar Form

Examples: Find the modulus and the argument of the following and
hence express in Polar Form

2.z=-1+13i

(= {»S)’+(ﬁ? = %

Qrg2 =
3 tanx=T= |5
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Argand Diagrams & Polar Form

Examples: Find the modulus and the argument of the following and
hence express in Polar Form

4.z = N2 -\2i
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3. Express the complex number Z=—i+ : inthe form z=x+jy stating the values 3 marks
ofx and y. ! _
Find the modulus and argument of z and plot z and 7 on an Argand diagram. 4 marks
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Polar Form: Multiplication and Division

Given two complex numbers, we can use Addition Formulae from
Higher to get a simplified expression for the product and quotient

7, = r(cos, + isin@,) and  z, = r,(cosB, + isind.)

EXEITN (<ose,+is~..\e.)(<=;61 +isln®)

= ‘lfuiicos 0,C05Q: +ces®, iSin®: + cos@, isin®: +]15\"\QA

"
(1 [(Cose;(‘osez -sine.si,\e) +1(cos018iaBs +cosOgin® §
r'rl[“’(e'fe‘) 40 s:n(e.;ezﬂ
¥ Mhltiply e wmoduliv

ioluine 1y Polar Fo
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Polar Form: Multiplication and Division
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Polar Form: Multiplication and Division

Examples:
2. Given z = 8(cos50° + isin50°) and w = 2(cos30° + isin30°)
Find @z (b)) = @

>

3

and give your answers in the form r(cosB + isinB)

(ﬁ) 2W= 16 (cos 8o°+ Isfn50'>

(L’) % = L¥<ces a0° + isin&O’)
\

(() \.Q}: &(cosﬂo"* ‘;i,\‘\o“) 21j 6[{ ((05 f00°+ ']3“\‘00?

%‘ = %((os (~10°)+ isinl-0))

De Moivre’s Theorem

Examples:
1. Caleulate zz.  when z, = 3(cos %4“ isin %)
and z.=5(cos 3777* isin %T)
_ v 37 .
2!%7_* ‘5<COS (‘q+ %.f isu\('%{. %\)
= |5<(es Y+ .\Sfrﬁf)

[n Gorlesion Form = \S(-\ +O)- ‘Q

De Moivre’s Theorem

To raise 3 complex number to a power:
o change the complex number into polar form
¢ use De Moivre’s Theorem

o change back into cartesian form (if required)

Note: If you are leaving it in Polar Form and the range exceeds

+180°, just +/- 360° to it.

Given z = r(cos® + isin@), we notice that
12 = T 2(cos 20 +isin2d)

7= r3(cos 30 + isin3d)

74= pY(ces 4o +1 5(4'49)

De Moivre’s Theorem

Examples:
1 7= N3+
(a) Express z¢ in the form x + iy, xyER

(b) Show that z¢ + 64 = 0

[N 7R YO TN ’[an-.vl;sr
2= Q(coss’e! +4 is'ms‘g) - 6=
24 Q¥ (cos ((EN) +18n (S{xq\)
= Ihoos 2T 41uin'®2)
(% + (‘fzk)l)
- E_:EE‘\
(8 22 (o) 4 ish(s%'x‘))
64 (cos 57 + 1SR
e)

S
2% 8k = —§4+4u<0
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De Moivre’s Theorem

Examples:

2. z=1+73i and w=-2V3+2i

(a) Write zand w in Polar Form

(b) Hence write (i) Zw? and (ii) ; in the form x + iy where x,y ER

@) o\ 7.)%(1!'3‘
L‘ﬁ L‘—

Tonr =
2 - alesTyiand) f_'{ w151
W= '-l((os um«)

®) (') 2w R
6(405 'nf'lsi/\”tr)
= IG(CDS B+ i8in ‘g‘)

21- 512 (cos 3 +isin )
. b4 (cos T v isin?

zu"‘.,f: 128(cos ¥ +isi/\‘|_?) 21 3(@, o wisio 7
S 30+ f
< gy +uvsi - 8

De Moivre’s Theorem & Trig. Identities

We can use De Moivre’s Theorem & Binomial Theorem to prove some
trig. identities.

Reminder from Higher: Note: Powers of i are cyclical

h
i
i
i
(.

cos 2A = cos?A - sincA
= 2cos2A - 1
=1-2sin2A

De Moivre’s Theorem & Trig. Identities

Using the previous example, try now to also express cos58 in terms of
cos8
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De Moivre’s Theorem & Trig. Identities

We can use De Moivre’s Theorem to express Complex Numbers with
fractional and negative indices too.

Example: 2"z cosn @ +isinnQ

Given z = cosB + isin®

N | —_
w
jo)
a.
>
o
3
o
o
S
+

N, | —_

Write an expression for
|

2" 2" = CosnB + isla-n®

S
= Cosn® —)sin0 T

N>

| s
2" 27 L cosn®tisinnd + Co3nO - i$ian®
Acos nd

De Moivre’s Theorem & Trig. ldentities

Example: Express sin38 in terms of sin

Cos 56 +isin58 = (coso+ \sms)
EXfM RH.S usim 8’Ma|

(f)@oss)s ¥y ( 51)(@36\" (isin®) + (z) [‘°’°))(‘Si“e\1
S
() (s (sn + () os@isON + (5)( isind)
Cos™0 + S'Bisin® — (0ces® 8™ ~ 0ces'@isin’®

T Scos O8I0 + isin’®
quele (R won (R ond (1) st (1)

mG 58 =508 080 - 0cos B8 550
= 5([/5.&9 sind - 10 (\,swe\ SO Hsire
= 5( | - 250 +5in)snd -10(sin’ ~Sin' )50
=550 ~108i?0 + 380 ~ (0sta’6 H0sin*C

SSB = 20606 4550 Hlgsiep. S
\/\/W

Solving Equations to give Complex Roots

We have already looked at how to solve quadratic equations that give
complex roots.

We can also find the roots of equations with higher order polynomials.
The roots occur in conjugate pairs if the polynomial has real coefficients.

If you have been given 1 root, you will be able to find the others.
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Solving Equations to give Complex Roots

If the roots of a quadratic equation are z = ~Tand z = 3, then the equation
must be'y = (z + 1)(z - 3) thereforey =22 - 2z - 3

Quadratic equations can be formed in this way from the roots (even complex

roots).

2 - z(sum of roots) + product of roots = O

Solving Equations to give Complex Roots

Example 2:
Verify that z = 2 is a roots of the equation 73 - 422 + 9z - 10 = 0. Hence
find all the roots of this equation.
2%-22 45
2=33 - y w10
<o |, J’
_2at + %
° 2%k
- Remainds =0

Sz -b = X
@ 5.Qp f =y 2=2is v
[¢]

{‘ _2x +5

b2 =S
“ _0* - 4o . N 4-re

2z
200 2 (F\zi)
= Y]
) z_{l_lf JBY Ly

Rods $ 2=2,2= 132,210

Finding nth roots of 3 complex number

Examples:

1. Solve z2 = 2 - 2V3i and sketch your solutions on an Argand Diagram

SR L

23R - T
Mo B 2K 6-* T

2 4 fcos (3 »isa (‘;—D |
RN NNE )

.2 ws(‘g,-}j +isin ‘%x{ﬂ
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solving Equations to give Complex Roots

Example 1

Show that -2 + 2i is 3 root of the equation Z + 322 + 4z - 8 = O and find

the other roots
(a2 * 3(242) vutern) -8
(arn)-3" W) 3(4 s ~3 4 -s‘
Al -B 43— hegsd « - w1t —%f%.—%
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Finding nth roots of 3 complex number

We will how use De Moivre’s Theorem to find roots in 3 different
way.

An equation 22 = a + ib will have 2 roots, % = a + ib will have 3 roots
etc. Therefore an equation with z» will have n roots or solutions.

o We first write the number in Polar Form r(cos® + isin®)

o We can then write our complex number in the form r(cos(@ + 2nm)
+isin(8+ 2nTT)) for n = 1, n= 2 etc. without changing its value.

e We use De Moivre’s Theorem to solve.

Finding nth roots of 3 complex number

Examples:
2. Find the 3 cube roots of the complex number 8i, expressing each
root in the form a + ib, where 3, b € R. Show all three roots on a
w
single Argand Diagram o
IR
r 4.
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= 1((05%',{_K;ﬂ5-}‘§=f\643
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(d) 2* = -8+8y3i ) %
[ J 8%+ (x\fSY =lé \‘ gﬁ.sl

%206
%“ x:”!'m)ﬁ = %

2
o=n-F2 5
o ’ﬁ)
- 5 3 49N 3
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Geometrical Interpretation of Equations on 3 Complex Plane

The path formed by a point which moves according to some rule is

known 3s its locus.

E.g. The path of the point P given that it always has to be 5cm away
from Qi.e. IPQl = 5. Below is a diagram of the locus of P.

v

Locus in the Complex Plane

The modulusof z Izl = Ix +yil = \x2+y2

This formula can be used to find the equation of the locus.
Recall from higher that the circle with centre (a,b) and
radius ris (x-a)2 + (y-b)2 =2
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3 = .
(f) = 1643416
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Locus in the Complex Plane

Suppose a complex number z moves in the complex plane subject to
some constraint (for example Modulus = 3 or arg(z) = 30°)

The path of the complex number z is known as the locus of z. The
equation of the locus can be found (because the locus can make the

shape of a circle or line etc).

Locus in the Complex Plane

Examples:

1. Given z = x + iy, draw the locus of the point which moves on the

complex plane such that:
() 1zl=9 (i) lzl <9 (iii) 121 2 9

lel-leg 2a

x*+4 =8l -
Cirde vk e, (00)

radios = ﬂ

-9
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Locus in the Complex Plane

Locus in the Complex Plane Examples:

3. The complex number z moves in the complex plane such that

Examples:
2. The complex number z moves in the complex plane subject to the 2.+ 2i = Iz + 31 Show that the locus of 1 3 straight line and find
! tion.
condition |z + 1 - 2il = 4. Find the equation of the locus and interpret equa!z a- X*\\\j
the locus geometrically Cuds ikl contee (—L'Z) . Q‘.{» L)( R J/SI
Lok Z= 2ty rodius = 4 AR Y

| x+ ‘.(d@i <=3 “"\\jl

besigat-21 < 4

fx+r+\(j-2){ 4 D \{xz*(k‘j*ﬂz"f&%}uﬁl )
{ (x*\\zxt( ~2Y = Lf 5' 3 xzi,jz;,ujm-. x24bx+d ’r\*j

5 Yyali= 6x+

2 (2Rl
(x+ﬂ 4—@ ) ?L{y:éxﬁ
S&m}j\& fin. eoxwdiof\ =) loes i XMUM i

Locus in the Complex Plane

5
= Locus in the Complex Plane

Examples: Examples:

5.1f 2= x + iy, find the equation of the locus when arq () = 3n

4. Find the equation of the locus and interpret geometrically
4

lz+il<2
e

X
Ton & X
”T_@\ (3;1):~I



