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) Matrices
Matrices 3

If there are m rows and n columns in a matrix, then it isan m x n

Numbers are put into arrays to help with multiplication, division etc. matrix or has order m x .
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[ isa2x2 i
A Matrix (matrices pl.) is 3 rectanqular array of numbers arranged in 1) 153 2x 2 matrix

\7,
rows and columns.

is 3 3 x T matrix

Each number in a matrix is known as an entry or element.

The entry in row i and column | of the matrix A is denoted a;
They were first introduced to help solve sets of linear equations and

are now useful for many applications of Maths including computer Eg.
generated imaging, electronics, probability & statistics. A

[FSI N}

3 1) ap =5

A ‘Column Matrix’ is one that has only one column and a ‘Row
Matrix” is one that only has one row.

Equal Matrices

Matrices

Two matrices are equal if
An n x n matrix is known as 3 Square Matrix.

(i) They are of the same order

(ii) Their corresponding entries are equal.
A Zero Matrix is one in which every element is zero.

Eq. , (2 3
g 42?3
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A=BbutA=C

. - . Scalar Multiplicat
Addition and Subtraction of Matrices caar Multiplication

Ascalar is a real number. If k is a real number and A is a matrix, then
IFmatYfCCS are of the same order H’)Cy can be added and subtracted. kA is the matrix obtained by multiplying each entry of A by k

You can add and subtract the corresponding elements. -
xamples

11f A:(; jJ and R:[f’z i] find 4A - 2B
Examples: 4. (iz SR t&)
1 2 -4 c4 oo
' [3 4 5}{2 -1 2] . " '
_ i Iz 2 © 1
213 S ( g -M)" (~‘1 uo} = (iz —!lf)
- 5 3 ¥ 2. Given that 2(: 3),3[' :i):(g g] , find the values of x, y, z
{ 2 - andr. ’ "

= 5 -G

2x-3 6+3;)~(6 0)
-230 Ay “le 0

QAxne0  6#32=0 =230
- q 3 ) xﬁ z=-L r::%_
-y 2

=0
. ch
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Matrices - Transpose

A Transpose of a matrix A’ or AT, is obtained by interchanging the rows
and columns of matrix A.

o2y A . |
(57 1135

Eglf A=13 4] thenAT=]_ _ |
I {2 4 96)
\°> o

The Matrix has been reflected in its main diagonal (down from left to
right).

The transpose has the following properties:
1. (A=A

2.(A+B)'=A"+B

3. (kA) = kA’

Matrix Multiplication

Two matrices A and B may only be multiplied if the number of
columns in A is equal to the number of rows in B.

o2 N2
T sl

Eg. G 2 DxI4 5 61 worksbut 14 5 61x(3 2 Idoesnt.
[ i P 4
(7 8 9) 7 8 9j

o ccuns TS5 columns
it

Matrix Multiplication

Matrices are always multipled row by column.

a b x y ax+bz ay+br
X =
c d) \z r cx+dz cy+dr
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Symmetric & Skew-Symmetric Matrices

A matrix is said to be symmetric if A" = A.

(13 5) (1 3 5)

Eg 1o L Tl then =3 2 il
A=|3 2 -1 S

5 1 7] 5 -1 7)

A matrix is skew - symmetric ifA = -A.

Eg (0 3 -5 (0 -3 5)
A=|=3 0 1| then A3 0 -1
(5 -1 0] \=> 1 0

A matrix can only be skew-symmetric if the leading diagonal consists of
zeros.

Order is very important in Matrix Multiplication. AB = BA except in rare
cases. Therefore in general, matrix multiplication is not commutative.

Matrix Multiplication

Examples:

25
1, GivenA=(1 2) and B=( ]
3 4 13

Find the value of AB 7 S+b
: a(z 5
HB’(.M% 3/ = \erhq 1B
= /Y I
lo 27

[—
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Matrix Multiplication

Examples:

2. Given A ={: 4\} and B ={
2xz 2>

Find the value of AB

e (30 (-0

3 2

Starter 2.11.2016

Multiply out

Matrix Multiplication

We can find powers of Matrices too.

Example: Given M= (3 -2
0 3

Find M2, M#and M
S oo 33 + 140 3x»u-ox3>
- (o SXO 3\’ 0:37‘51(0 POT PRI,
Ma :(‘1 "‘fa)
o 1
3
s s -2 4 - 12 a5 & 2xO ’5)(42*2)&"])
© 3XO 9/° <owﬂ+3xo ox-12 +31
3
M= (23 -~
o 2t
y [3 -%\22 -S4 20710 Ixsy2x2
N ‘-(O R h o 27) T \ox2re3n0 x5t 4347%

y, (8 -
Sy
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Matrix Multiplication

Examples:

3. GivenP=i'4' f}and0=iz T _Jvl
i o2 R T/
2x2 2 x 3

Find the value of PQ

8 1b+3  20-b
PQ:(!( 3)(2 4 5\: (3:& ~uffi ~5—‘f)

2R E -2

25 M ,q‘ Pg. 236
o 1 -1

Properties of Matrix Multiplication

1. A(BQ) = AB(Q) Associative provided the order isnt changed.

2. A(B+Q) =AB+AC Distributive over addition

3. ab=0=3=0o0rb=0inreal numbers, this is not the case for
Matrices.

Identity Matrices

0

The Identity Matrix is represented by 1= (! all the entries along
0

the main diagonal are 1’s and the rest zeros (It’s 3 square matrix).

1 00
I={o 1 0 Same Idea
001

What happens when you multiply a matrix by I?

@a‘m’x is said to be Orthogonal if A’A = 1 = AA’




AH Matrices.notebook

Using Identity Matrices

Examples:

1.Given A= ‘k: ;)\ and A=pA+ql  wherep qEZ

Find the values of p and q

Hence find the value of A3 in the form xA + ly where x, y E Z
FEA

P08 (4R
et (2 0)4(59)

()

3p=2l 2(?)14]: {

f- ()
- (7 13T)
=K -BRL
= 3H(34-BT) - RAL AT-R
= Y491 - BA
= @iﬁ’

B - (f, 3)

qhow tmet F22 A FT ‘
i () AL “(Z 2 - )
o :
f\l:q{\;‘l - (—‘q '(1)
(b) . ph+qL
A= AR
= A(ua )
haz AL
4 (37 -TA
IbA 287 -Fh

92T

Determinant of 3 2x2 Matrix
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Using ldentity Matrices

2,GivenA:(2 2 4\i andB:i(' -1 O‘i

2 -1 5] 01 2)

Show that AB = ki for some real number k. +/

Hence obtain the matrix A?B

. 7x| 4% 2+-4x0 x| #2x3+-1x]
~dx] £2x2 #-4x0 RIPEEVEE Py
2kl 410+ 5xO PRI SIS
/6 o © _ 4T

# Q) O\-&

0 0 6

R = AR) = ACLT)= 6AT- 6A

Lfz o2 =% 2 1 =24
B —L%>; a4 12 -

2 - 3 2 -6
—m—

Determinant of a Square Matrix (2x7)

2204254+ -4x2
Ll xot L
2x0+-(~445

The determinant of 3 matrix is 3 number associated with the matrix
and has many important properties and applications.

Itis represented by det A or |A

Determinant of 3 2x2 Matrix

GivenA=[“ b],de’tA=ad—bc
c d
a b
or this can be written |, d:ad—bc
Examples:
1.2 1 2.3 2
3 4 =20-13)S ‘_2 1 :S(I)/X—ﬁ -1

x  2x

3. Find the values of x such that
2x x+4

2 (s tl) - 2xc(2) = |
X+l -Ux?=
3xralixz |
312~"‘J<“’\:O
G- - 170

I:%.It\

Py
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Inverse of 3 2x2 Matrix

Given two matrices A and B, if AB = |, we say that B is the inverse of A.

The inverse of a square matrix A is A~ which has the property

AAT=AIA=L wherel =1 0)
SRV
{a &) L4 B
Given A=" 1, the inverse is calculated by oAl c a) where
£d -
1\ v 2 | is known as the Adjoint of A or adj.(A)
Inverse of a 2x2 Matrix
Examples: et A=200) 3(2)222-2V2 | o
2 3\ ) o
1TA=" i find A VAT
N BT (= 2
“! U
A= (—3 2)
2.p=(2 #) find p
-1 3

olet P= 1(3);(—0(44\ *b-U=3

ra( -G 7

Today we will be learning how to use
the inverse of 3 matrix to solve
equations.
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Inverse of 3 2x2 Matrix

Not all Matrices have an inverse. How do you think you could tell?

If det A = O, then the inverse doesn’t exist.
If det A # O, then the inverse does exist.

If a matrix has an inverse, it is known as invertible (or non-sinqular),
if it doesn't have an inverse then it is non-invertible Cor singular).

Starter 9.11.2016

Determine the value of p which would make this matrix singular

'Fs«oaor dek - O
ad _bc 5
24 <
P Yp=24
p=6

Using the inverse to solve equations

Multiplying by the inverse can help solve equations.

Eg. AX =Y
To find X )
Pranlig by A AT AX = AY
Yy by Ay
X-A'

This is known as Premultiplying.

To find A ) /\X = \1 |
Pttty pAxxLY X
X A-YX

This is known as Postmultiplying.
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Using the inverse to solve equations

Examples

23y
1. (From book): Given A= | - " |
RV

(a) Show that A? = 13A - |
(b) Hence show that A3 = 168A - 131 and that A1=131 - A

B9

1 33
(s {’; >-l) (":— \3); (:‘:"I“ \'”"'} (“ N

BasnB(r 2 {u 35
Yo )z La 1w

s (BN gt
on (‘l M‘_n

Iy
(b) Y ﬂ (Bh- ]_)
- n (IM-‘)* A= l“ﬁ;‘njlnf
x K'-BI-A
e knos A=13A -]
A.N=A-!
Y
FUR A ARA )
A= BAN-A
ART-A"
N LA

Properties of the Inverse and Determinant

2% show that

Given that A = i/2 5\‘ and B ="'

(Y \

A-1B-1 = (BA)-!
we @A) D)
! -

AN

w- () (5
L(;nJ"‘L'|)L ).l{ (_\:’) )(_:: :"Q
—);(@A)’l
PAA'L =BAGAy

BT R =
PE =71

=T

Properties of the Inverse and Determinant
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Using the inverse to solve equations

Examples:
2. Use matrices to solve the set of equations
3x+y=A‘Iand4x+§y 2

3x+
L|x+\23 2

(3::;) ()
< L)
)G ) é—(i.;')("')

1 361) -1(2)
_ye a3

\/
U)I—
/‘\.

Properties of the Inverse and Determinant

GiventhatA=[2 5] andB=[7 2] , show that
1 3 4 1

c) det(AB) =det A x detB or |ABl=I|AlBl

!

3«(3\ KT I N

2 MAB - dethxdatB

Given that A =

1)

7 2\

1, show that
)

(2
i

5
| <
i3

‘iand =(
J \4

b) (AB)-T=BTA-

)

(r8)" - -L(('Si ‘3:}4): <(S=\ 1\3

R'n'- (1; _;)(31 _3: (Ii qzb

—>(A%> g

Determinant of 3 3x3 Matrix

Given the matrix A =

a b c},thedeterminantcan be found by

d e f
g h i
d d i
A =a’ Y ‘ o |
i g i g h

Al = acei - fh) - bdi - fg) + cdh-eq)

I remember this as right, outsides, left

and + - +
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Determinant of a 3x3 Matrix

Examples: Calculate the determinant of the following
(1 2 1) -2 07 Yy 3
@ a=js 2 51 \M= | ,‘\ —2\2_ -1

2 1 -

v

L -2
R

< 1(F24)- () a(ax-0)- B L0 Q;;g;))

= () —a(o) + ((8) =93

(“).-?:i(? _12 [S)\l 18] 3}4 S\..(.Q) 'S + 0 ;l:
Lo 12)!8' - o1
- 3(ges) +2(2-0) + 0
=33+l
N
Starter 16.11.2016
Calculate the determinant of A given
© 0 -y
. ﬁ{ +30° 3}

- 1(e9) -2(0-0) +3(0-9)
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Determinant of 3 3x3 Matrix

3. Find the values of k for which the det A =0

} -k |2 3{~1 {Zn 2

=l -k

£

i

()~ 71D <0
= A4+ A3 4 =0
= AE+5k-F=0
(&1&*7)@\ - 1 )=0
k=%, kel

Inverse of 3 3x3 Matrix

We can get the inverse of a 3 x 3 matrix by carrying out row
operations. Row operations can include interchanging rows,
multiplying by a scaler and adding/sutracting rows from each other.

We know that A x A = |, so we use the row operations to convert A
into | and record the result to get A-.

Start at the top left entry and work under the diagonal to begin with.

Inverse of 3 3x3 Matrix

oo
ot o
[=R¥eY {
v (1 1 t
“lo 5 -3|a 9 S
-50\S 2 3o g |
{ | !
f«-sQ’ s 3 ‘2? S
O -3 2[5 0 |
o e &
(O Fotled g,
fesnlo 3 51278
1
I
(0 | is 190
SN0 O i T 0
P (' b j 5 B |
A-FEf Oy 2 fr 8 o
s3I} :,/5 E
13 .
fi-f-a /11 s S
O L Ofn g, 9
o 1l8 3 3
o ola 7Y
ot Of-n 3
o0 ifp o,

=
i
RN
st
s
W
pw N

,/

Examples:
T
2. Find B, given B = 2o K PR o
020 R )
20 1 6 = 0
SRR

7 21
0 3 -1
34 2
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Inverse of 3 3x3 Matrix

Examples:
7702 1)
3. Find C, given C = | -
o 3 -1l
| |
(-3 4 —2)
Matrix Transformations

Reflection in the y - axis

P(-x,y) P(x, y)

IMaﬂno{?

We write P in matrix form |~ |

NS
What can we multiply P by toget | | ?
Ly
-1 0)
I 1 isthe matrix associated with reflection in the y - axis.
Y

- R6) -G

il

Matrix Transformations
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Matrix Transformations

Matrices can be used to transform coordinates and objects on a Plane.

The coordinates can be written in matrix form and then can be

multiplied by a matrix or scalar for Rotation, Reflection or Dilation
(Scaling).

If under a transformation a point is its own image, it is then called
invariant.

Matrix Transformations

Reflection in the x - axis

P(x, y)

P/(x, -y)

What can we multiply P by to get [ * } 2
TV

(i 03
I .. . 1isthe matrix associated with reflection in the x - axis.
SV

Matrix Transformations

Reflection in the origin

P(x,y)

P(-x, -y)

What can we multiply P by to get [—xj !
-y

-1 0
[ 0 —lj is the matrix associated with reflection in the origin.

Reflection in the line y = x

p -( X, y) /’/

« Py, %)

What can we multiply P by tq get y] 2
o X y
t 0 j 2 )Q_)

1
[1 0] is the matrix associated with reflection in the line y = x.
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Matrix Transformations

Points can be rotated by an angle around the origin.

P (:\y, x) What could we multiply P by?

ey <(? o @ (—n

(cosd —gin@\

The matrix associated with rotation is R = | I
\ SIHﬂ Q()BU /}

where points are rotated anti-clockwise around the origin.

Matrix Transformations

If we use R to rotate a point anti-clockwise by 8, then we rotate the
point back in a clockwise direction using R-'.

Cos8 s
[— .
i ~Sin8
Ri= CostO+sin® \ T cosO
(os8 Sif\@)
T -Sin® (&
We can see that R = RT, therefore R x RT = | which means R is
orthogona|,
The Reflection Matrix
The Reflection Matrix Yicoszgsmza h
| 7[sin29 —c0526’) |

A= [;] represents the point (x, y)

Pre-multiplying A by the reflection matrix has the effect of reflecting the
point (x, y) in the line through the origin which makes an angle of 6
where -90 <8° < 90.

The point gained from the reflection is represented by (x’, y).

(x,y")
AN
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Matrix Transformations

Example: Calculate the coordinates of the image of the point (3, 1)
under a 60° rotation about the origin

[\ﬁ.,
(os X ~sinl§ 3

e a \
3 S 3

Sin C
J 3
— V3 3
2 1 \—';_'
! 3\r |
V:_ By 22 3+t
2
P (35 354)
B
Starter 23.11.2016

Write down the 2 x 2 matrix associated with 3 clockwise rotation of
300 about the origin.

V]

2
2.
SR Y
EX —_—
4

i
P —

The Reflection Matrix

Example:

Find the coordinates of the point (-3, 1) when reflected in the line
y = 3x

To'(3)=716°
(o528 sin2&

Sin2Q —cos2®
s 132° gal3?” -3)
Sia 13 oI\ !

“08  0sY9 (3)
0-519 og /U1
~o-8<-3)fo-5°|‘1(1)) (3

0599(-3) +o &) -

)(3___:&
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Composite Transformations

Composite Transformations

Example: The point P(x, y) is given an anticlockwise rotation of g

A composite transformation is a matrix that undergoes more than one
P 9 radians about the origin and the image is reflected in the x - axis

transformation.

(3) Find the mat ted with thi ite f t
Let’s say we want to reflect P(x, y) in the x - axis and then reflect it in ¥ Find (Oesm’farmx assouaLGd y ° ComPOSl c e o
the liney = x. M, - - Sin 0 - Wz=
O o

M. (' o (7(‘3) SinE s TN -
Z ~t‘ 7 (x',ﬂ Nzxm:(; -?)({ ~oj)"<j;1;é

I (b) Find the coordinates of the image of P(x, y) under this composite

P

"

N,

transformation o _\/x
Comfoszk _f}mSFOqu\id\ M—,_ X Ml X X -1 9 )( = (b 3) )
g g \x) =Gy
Dilation (Scaling) Dilation (Scaling)
Think about what matrix you could multiply a point (x, y) by to Examples:
scale it.
1. The point (-6, 8) is scaled to give (4, 24). Find the scaling matrix
i
A ON/-6\ [t w :Ltf o
[l scal 0 }\j) Tl
The point (x, y) will scale x by Aand y by p
-é/\ q‘ }\‘ '—‘ 2 O3 ~
2. Find the effect of (-3, -9)Ting the scaling matnx N
3)

(= -§>®=(~® w

General Linear transformation of a line

[“ ZJ can transform sets of points on a line b, c#0
c

Example:

Find the 2 x 2 matrix which would transform (-3, 2) to (-8, -13)
and (5, 4) to (6,7)



